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Abstract

Various models of higher-order probabilistic separation logics have
been developed in recent years, raising natural questions about
their expressiveness and theoretical foundations. This work estab-
lishes semantic completeness theorems for three Iris-based program
logics—Eris;, Tachis, and Approxis—restricted to pure programs.
For Erisy, a total-correctness separation logic based on error credits,
completeness means that every program that terminates with prob-
ability 1 admits a proof of termination in the logic. Tachis, which
reasons about expected running time via time credits, admits an
analogous result. For Approxis, a relational logic for probabilistic re-
finement, we establish a relational completeness theorem: whenever
an approximate coupling exists between two programs, a relational
weakest precondition can be derived. All results are mechanized
in the Rocq proof assistant, and can be seen as converses of the
respective adequacy theorems. These are the first completeness
proofs for Iris-based program logics.
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1 Introduction

There has long been interest in formal systems for reasoning about
probabilistic programs. Probabilistic programs arise across many
domains—randomized algorithms, cryptographic protocols, and ma-
chine learning systems—and their correctness properties are inher-
ently distributional, expressed as guarantees about the likelihood
of outcomes or the distribution of costs. Verifying such properties
rigorously is a central challenge in programming language theory:
probabilistic arguments are notoriously error-prone, and the gap
between intuition and formal proof is often wide. A long line of
work has studied proof systems, type theories, and semantic models
tailored to probabilistic computation, with the goal of providing
sound and usable tools for program verification.

Separation logic, introduced by Reynolds and O’Hearn [15, 16],
has had a transformative influence on program verification. Its cen-
tral innovation—the separating conjunction P+Q, which asserts that
P and Q hold over disjoint portions of state—enables local, modular
proofs that scale to large programs and complex data structures.
Separation logic underpins industrial-strength verification tools
such as Facebook’s Infer and underlies the Iris framework [11],
which has been used to verify a wide range of language features,
including concurrency, higher-order functions, and fine-grained
memory models.

Recently, a number of works have introduced separation logic
to probabilistic program verification [2, 3, 5, 17]. In particular, sev-
eral of these logics have been based on the Iris separation logic
framework. In this work, we show that three of these—Eris, Tachis,
and Approxis—are semantically complete for pure programs (i.e.,
programs without mutable state): if the probability distribution gen-
erated by a pure program satisfies an appropriate property, then we
can derive a proof of a corresponding specification in the program
logic by directly constructing a proof via the semantic definition
of the weakest precondition predicate. These results have all been
mechanized in Rocq, and are converses of these logics’ soundness
or adequacy theorems.

Completeness of proof systems is a question of fundamental
theoretical interest. In classical logic, Godel’s completeness theo-
rem established that every semantically valid first-order formula is
provable, drawing a sharp boundary between syntax and semantics.
For program logics, the analogous question—whether every seman-
tically valid specification is derivable—is considerably more subtle.
Cook [4] gave a foundational answer for Hoare logic, showing rela-
tive completeness: any valid triple is provable, given an expressive
enough assertion language. Completeness results for richer set-
tings, including higher-order programs and resource-aware logics,
remain an active area of investigation, as the interplay between
logical framework, semantic model, and language features intro-
duces new obstacles that must be overcome. Our work presents
the first completeness proofs for Iris-based program logics, filling a
theoretical gap in recent work on Iris.

This extended abstract covers the completeness results for Eris; [1]
and Tachis [7] in dedicated sections (§3 and 4); the result for Ap-
proxis is briefly discussed in §5. Eris; is a separation logic that uses
a special resource, called error credits, to track and bound the proba-
bility of error. It provides a modular way to reason about probabilis-
tic termination of higher-order programs. For Eris;, completeness
implies that for every program whose termination probability is 1,
we can derive a proof of termination in the program logic. Tachis
replaces error credits with time credits to reason about expected
running time, and admits an analogous completeness theorem. Ap-
proxis [6] reasons about refinement of two probabilistic programs
and admits a relational completeness result.

2 Preliminaries

In this section, we present some basic definitions in probability
theory, the semantics of our language, and a brief background on
separation logic.



2.1 Probability Theory

We model program execution using subdistributions, which allow
the total probability mass to be strictly less than 1. The missing mass
accounts for non-terminating executions: a program that diverges
with probability p is represented by a subdistribution whose weights
sum to at most 1 — p.

DEFINITION 2.1 (DISTRIBUTION). A discrete subdistribution (hence-
forth simply distribution) on a countable set A is a function y: A —
[0, 1] such that ), ,c 4 u(a) < 1. The collection of distributions on A
is denoted by D(A).

DEFINITION 2.2 (PROBABILITY MASS). Given a distribution i €
D(A) and a predicate § C A, we write Pr,[¢] to denote the proba-
bility that ¢ holds, i.e., Yqep p(a).

LEMMA 2.3 (D1SCRETE DISTRIBUTION MONAD). We can equip D
with a monadic structure, with operations

ret: A — D(A)

1 ifa=d

0 otherwise

ret(a)(a’) £ {

acA
We use the notation p>= f forbind(f, p).

2.2 The RandML, Language and Operational
Semantics

Eris, Approxis, and Tachis all work with RandML [6], a higher-order
ML-like probabilistic language with mutable state and presampling
tapes. In this work, we consider RandMLp, a subset of RandML that
removes mutable state and presampling tapes, retaining its core
higher-order lambda calculus with random sampling. The syntax is
defined by the grammar below.

DEFINITION 2.4 (THE GRAMMAR OF RANDML,).
o,weValz=zeZ|beB|()|recfx=¢€]| (v,w)]| inlo| inro
ec€Expru=uv|x|recfx=e|ejey|es+er|er—ex| ... |
if ethenejelsees | (e1,e2) | fste| ... | rand e
K€Ectx:= — |eK|Ko| randK | inrK | inlK| ...

The language feature of particular interest is rand e: when e
evaluates to a natural number N, it samples uniformly at random
from {0, 1, ..., N} and returns the result. All other constructs are
standard: rec f x = e defines a (possibly recursive) function, arith-
metic operators work as expected, and if /fst/snd/inl/inr provide
the usual control flow and product/sum type eliminators.

Operational Semantics. To define full program execution, we
define step(e) € D(Expr), the distribution induced by the single
step reduction of program e € Expr. The semantics of step is stan-
dard: all non-probabilistic constructs reduce deterministically as
usual, e.g., step(if true then e else e2) = ret(eq), and the probabilis-
tic choice operator rand N reduces uniformly at random:

1
—— € {0,1,...,N},
step(rand N)(n) = ¢ N+1 orn ,{ )
0 otherwise.

With the single step reduction step defined, we now define a
stratified execution probability exec,, : Expr — D (Val) by induction

bind: (A — D(B)) —» D(A) - D(B)

bind(f, 1) (b) £ > u(a) - f(a)(b)
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on n:
0 ife¢Valandn =0,
ret(e) if e € Val,

step(e) >= exec(,_1) otherwise.

execp(e) =

where 0 denotes the everywhere-zero distribution. Intuitively, execy, (e)

is the distribution over terminal values that e produces when given
at most n reduction steps; executions that require more than n
steps contribute to the “missing mass” (the total probability may
be strictly less than 1). The probability that a full execution, start-
ing from program e, reaches a value v is taken as the limit of its
stratified approximations:

exec(e)(v) £ limp—oexecy(e)(v)

2.3 Separation Logic

The program logics that we mentioned are all built on top of the
Iris separation logic framework [11, 12]. We briefly recall the key
concepts; see [11] for a full account. In Iris, logical judgments take
the form P + Q, where P and Q are separation logic assertions.
Separation logic extends classical Hoare logic with a separating
conjunction P % Q, which asserts that the resources described by P
and Q are owned disjointly. The magic wand P — Q is its adjoint:
it asserts that, given a disjoint extension satisfying P, the combined
resources satisfy Q. The canonical resource in separation logic is
the points-to assertion { — v, which asserts exclusive ownership of
heap location ¢ holding value v. The exclusiveness of the ownership
is captured by this rule:

£ v*f 0 F False

In modern separation logics like Iris, resources are not limited
to heap cells: the framework supports logical tokens and custom
ghost state used purely for proof purposes—including the error
credits and time credits central to this work. A key property of
separating conjunction is that, in general, P ¥ P * P: owning a
resource does not entitle you to two copies of it. The resources
that can be duplicated freely are called persistent propositions. For
example, an equality is a persistent proposition, while a points-to
predicate is not. Duplicable resources are important because we
can always create a copy of them to give away to other threads. The
persistently modality O P marks P as a duplicable resource. One
way to state this precisely is the rule OP + O P * P.

Specifications are written as Hoare triples {P} e {v. Q}: if the
precondition P holds, then every result v that e returns satisfies the
postcondition Q. The frame rule

F{P} e {Q}
F{P*R}e{Q*R}
is the cornerstone of modular reasoning: it allows one to extend

any proof with additional disjoint resources R that are untouched
by e.

3 Probabilistic Termination in Eris;

Eris [1] is a higher-order separation logic for proving error prob-
ability bounds for probabilistic programs. A key feature of Eris is
error credits, a separation logic resource that tracks the error proba-
bility bound of the program. The ownership of ¢ error credits is a
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first-class proposition in the separation logic, written # (¢) (read:
“up to ¢”). Error credits satisfy the following rules:

7 (e1) * £ (e2) HF £ (e1 + £2) f(e1) * (e2 < e1) k£ (e2)
Z(1) + False FZ£(0)

Throughout this section, we use the notation [P] e [Q] (square
brackets) for Eris;’s total Hoare triple, which is syntactically distinct
from Eris’s partial Hoare triple {P} e {Q} (curly brackets). Eris is
a partial-correctness logic: its adequacy theorem counts diverging
executions (those that never reach a value) as vacuously safe, so
a program that always diverges trivially satisfies any Hoare triple
with any postcondition. More generally, Eris’s bound only applies to
the probability of terminating with a result satisfying ¢; divergence
probability is not charged against the error budget. Its variant
Erisy, on the other hand, is a total-correctness logic. A specification
F [P* 4 (¢)] e [¢] in Eris; intuitively means: “if P holds then the
probability that e both terminates and produces a value satisfying
¢ is at least 1 — ¢”. This is formally expressed with the adequacy
theorem shown below.

THEOREM 3.1 (ToTAL ADEQUACY). Ift [£ ()] e [#] thenPreyec(ey [¢]

>1-e

The program logic can interact with error credits via an expectation-
preserving composition of error credits over a randomized step.

N 82(i) _
Zizo N+1_
F[£(e1)] rand N [n. £(E2(n))]

With this rule, we can prove probabilistic termination of pro-
grams via a technique called error amplification. As a running exam-
ple, consider coinToss below (with flip = rand 1), which flips a fair
coin until it lands heads; since each flip succeeds independently with
probability 1/2, the program terminates with probability 1. To estab-
lish this in Eris;, it suffices to prove that [£ (¢)] coinToss () [True]
for any ¢ > 0.

€

THT-RAND-EXP

coinToss () £ if flip then ()
else coinToss()

The central observation is that error credits can be amplified:
if we have a budget ¢, we can apply THT-RAND-EXP at the coin
flip. The heads branch (flip = 1) terminates at cost 0, and the tails
branch (flip = 0) recurses at cost 2¢, yielding an expected cost
of (1/2) - 0+ (1/2) - 2¢ = ¢, which matches the original budget.
Consequently, provability with budget ¢ follows from provability
with the doubled budget 2e:

[#(2¢)] coinToss () [True] + [£(¢)] coinToss () [True]

Another way to read this judgement is: if we start with ¢ error
credits, we can amplify this budget by a factor of 2 after a step of
coinToss. This closes the argument because any positive ¢ eventu-
ally reaches or exceeds 1 under repeated doubling, at which point
#(1) + False trivially implies the postcondition. Figure 1 shows
the resulting tree of error budgets along the execution paths of
coinToss.

Figure 1: Error amplification for the proof of coinToss

if a specification holds for all budgets strictly greater than ¢, it holds
for ¢ itself.

Ve'. & > ek [£()] e [¢]
[£(e)] e[g]

Since £ (0) is freely derivable, applying HT-THIN-AIR at € = 0 lifts
the family of proofs indexed by ¢’ > 0 to a proof with a trivial
precondition, yielding [True] coinToss () [True].

This example shows that Eris;’s proof rules are expressive enough
to verify termination of coinToss. A natural question is whether
they are expressive enough in general: can every almost-surely
terminating program be proved to terminate in Eris;? The main
result of this work answers this affirmatively.

HT-THIN-AIR

THEOREM 3.2 (COMPLETENESS OF ERIS;). If Preyec(e)[¢] 21— ¢

thent [£(¢)] e [¢]

To explain the proof of this theorem, we first need to explain
the semantic model of Hoare triples in Eris;. Following standard
practice in Iris [11], the Hoare triple in Eris; is defined via a weakest
precondition predicate.

[P]e[Q] = O(P — twp e {Q})

A simplified model of Eris;’s weakest precondition, used in our
proof, is shown below:

twp e; {®} = (e1 €Val A D(eq))
V (e1 ¢Val A Vey. fe (1) —*
GLM(e1, 1, (A ez, €2 . (e (£2) * twp ez {@})))

The definition proceeds by cases. If the expression e is already
a value, the precondition holds simply if that value satisfies the
postcondition ¢.

If e; is not a value, we must reason about the next step of execu-
tion. The second disjunct quantifies over an authoritative error bud-
get Zo (£1): here Zo (¢) is the authoritative element of the resource
algebra [11, 12] Auth(R?, +) (with validity restricted to [0,1)) of
which £ (¢) is a fragmental view, satisfying # (¢) = fo (¢') F £ < €.
The graded lifting modality GLM then distributes this budget across
successor expressions in an expectation-preserving way (as in THT-
RAND-EXP), with each successor e, receiving a reallocated budget

The error amplification argument establishes [ £ (¢)] coinToss () [True] e (¢2) and a recursive occurrence of twp. The full definition of

for every ¢ > 0, but the precondition still demands a positive error
budget. Eris; provides an out-of-thin-air rule [13] to close this gap:

GLM is rather complicated — we only need the following corollary
to prove our result.



red(ey) 3r.Vey. Ex(e2) <r

e cExprstep(er)(ez) - Ea(e2) < e
Vey. step(er)(e2) > 0 —« Ea(ez) = 1V Z(ez, (E2(e2)))
GLM(ey, 6 2)

To approach the completeness theorem, we start from executions
up to a finite number of steps.

LEMMA 3.3. IfPreyec, (e)[#] 2 1 — ¢ thent [£(e)] e [4]

We prove this lemma via induction on n for all e. When n = 0,
either e = v for some v € ¢, or € > 1. In both cases, the Hoare triple
can be easily derived.

In the inductive step, the nontrivial case happens when e is a
reducible expression (and hence not a value). In that case, given
Prevec,(e) [#] = 1 —eand £(e) * % (e1), we can apply the rule
STEP-EXP-STEP, with the error random variable E;(e’) £ £ +
1 = Preyec, () [¢], where g = 1 — ¢ > 0. The third premise
of the rule can be proved by observing that Presec,.,(e)[¢] =
Ze’EExpr SteP(e) (') - Prexecn (e) [¢].

Finally, we can finish the fourth premise: for every e’ such that
step(e)(e’) > 0, we first update the resources #(¢) * Zo (1) to
s (1 = Preyec, (¢') [(;5]) % o (50 +1 = Pregec, (¢) [¢]) The second
part of the conjunction is just e (E2(e”)), which fulfills the author-
itative error requirement. The recursive occurrence of the weakest
precondition can then be solved by applying the induction hypoth-
esis.

Now we can prove Theorem 3.2: we first apply HT-THIN-AIR,
giving us £ (¢’) for some ¢ > ¢. From this inequality, it follows
that Pregec(e) [#] > 1 — ¢’. By monotonicity of exec, there exists
n such that Preyec, (e)[¢] = 1 — &’. It follows by Lemma 3.3 that
FI£(D]e[d].

4 Expected Running Time in Tachis

Tachis [7] is a higher-order separation logic for reasoning about
the expected cost (e.g., running time) of probabilistic programs.

A cost model is a function cost: Expr — R that assigns a non-
negative cost to one step of evaluating an expression, invariant
under evaluation contexts. For example, cost,; = A _. 1 charges
one unit per reduction step, recovering the standard notion of
running time. The stratified expected cost is defined by induction

on n, mirroring the construction of execy, in §2:

i, |

cost(e) + X step(e)(e’) - EC, _; (¢’) otherwise.

The full expected cost is EC (e) = sup, EC,, (e), taking the value co
if the sequence is unbounded.

Tachis introduces time credits as a separation logic resource:
ownership of x € Ry credits is written $ (x). Time credits can be
split and merged freely ($(x1) * $(x2) 4+ $(x1 +x2)), and each
reduction step consumes $ (cost(e)) from the precondition. For a
randomized step, the credits are distributed across outcomes in an

STEP-EXP-STEP

ifn=0o0reeVal,
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expectation-preserving way, analogous to THT-RAND-EXP:

N X3 (n) <
=0 N4+1 ~
F{$(x1)} rand N {n . $(X2(n))}

The premise requires that the cost of the step plus the expected
remaining credits does not exceed the initial budget x;.

The adequacy theorem confirms that a derivable specification
yields a valid upper bound on the expected cost:

cost(rand N) + X,

HT-RAND-EXP

THEOREM 4.1 (TacHIS ADEQUACY). If+ {$(x)} e {True}, then
EC (e) < x.

Similar to Eris, the result we present is the converse of the ade-
quacy:

THEOREM 4.2 (COMPLETENESS OF TacHis). IfEC (e) < x, then

F{$(x)} e {True}.

The proof follows the same strategy as the Eris; completeness
theorem (Theorem 3.2): the Tachis weakest precondition is again a
least fixpoint, and the argument proceeds by induction on n using
the finite-horizon approximation EC,, (e).

5 Conclusion and Related Work

We have proved the semantic completeness of Eris; and Tachis,
both restricted to pure programs. We have also proved a complete-
ness result for Approxis [6]. There, we show that if an approximate
coupling exists between two programs, then a relational weakest
precondition can be derived. All of the aforementioned results are
mechanized in the Clutch repository with the Rocq proof assis-
tant [18].

A key limitation of these results is the restriction to pure pro-
grams. The root cause is not probabilistic: it stems from the de-
terministic heap allocation in the operational semantics of the
language. In a recent work [9], we address this by extending the
completeness results to programs with mutable state but without
allocation, and we show that completeness can be established using
only the proof rules of the logic, without unfolding the semantic
model of the weakest precondition. Independently of that paper,
we have also used the technique to derive completeness results for
Coneris [13], the concurrent version of Eris.

Related Work. For classical Hoare logic, relative completeness
was established by Cook [4], who showed that if the assertion
language is expressive enough to define the strongest postcondition,
then any semantically valid triple is provable. Our setting differs
substantially: Iris is a higher-order logic with no separation between
assertions and specifications, and the programs we reason about
can encode arbitrary recursion.

For sequential separation logic, Ishtiaq and O’Hearn [10] and
Yang and O’Hearn [19] established completeness by showing that
the weakest precondition is expressible in the logic. Haslbeck and
Nipkow [8] proved relative completeness for a logic with time cred-
its, in a language without dynamic allocation—the same restriction
we face here.

For probabilistic programs, Majumdar and Sathiyanarayana [14]
gave sound and relatively complete proof rules for almost-sure
termination in a first-order imperative language. Our results are
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complementary: we target higher-order probabilistic programs in-
side a separation logic framework.

Our recent work [9] takes a broader view, providing a general
methodology for completeness proofs of Iris-based logics. It sub-
sumes and strengthens the results presented here for Eris, and
additionally covers the default Iris program logic (both partial and
total), Aryst, and a relational logic for refinement.
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